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Elas+c	  Sca4ering:	  groundstates	  and	  order	  

Charge density  Charge order  Magnetic order  

Orbital order Quadrupolar order Octupolar order 



Excitation spectrum, direct measure of interactions: strength, range, symmetry 

Inelas+c	  Sca4ering:	  excita+ons	  
Interac+ons	  

Collec+ve	  Excita+ons	  

Dispersion	  Rela+ons	  

Quasi-‐par+cle	  spectroscopy	  

1D:	  Frac:onal	  spinon	  excita:ons	  in	  the	  quantum	  
Heisenberg	  an:ferromagne:c	  chain	  
Mourigal	  et	  al.	  Nature	  Physics	  (2013)	  
	  

Quantum 
Disorder 

RC- AFM 
Order 

ΔQD	   ΔL	  

3D:	  Quantum	  and	  classical	  cri:cality	  in	  a	  dimerized	  
quantum	  an:ferromagnet	  
Merchant	  et	  al.	  Nature	  Physics	  (2014)	  



What	  do	  we	  measure	  in	  a	  sca4ering	  experiment?	  
Cross-section and scattering length 

Incident plane wave Outgoing spherical wave 
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X-‐rays	  and	  Neutrons	  
Basic	  proper+es	  and	  Sca4ering	  lengths	  

            Photon 
 
Charge:      0   
Mass:       0 
Spin:       1 
Magnetic Moment:   0 
 
Scattering lengths: 
 
Sensitivity to      r0=2.82 x 10-5 Å 
Structure:         (E field photon with e) 
 
 
Sensitivity to       r0(ħω/mc2) 
 
Magnetism:    (E, H field photon with e and µB )  
 

  Neutron 
 
           0   
        1.675 x 10-27 Kg 

      ½  
  -1.913 µN  

 
 
 
                  b~r0              
(Short range nuclear forces)  
 
 
              bmag ~ r0                                             

         (µn.Bdipp)      
 Resonant  

Scattering:                       100 r0! 

€ 

r0 =
1
4πε 0

e2

mc 2
= 2.82 ×10−15m
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Source	  Brilliance	  (or	  spectral	  brightness)	  

   Undulator 

X-ray tube 

Candle 
60W bulb 

Sun 

ILL 

XFEL 
 x 1010 



Incident beam flux 

Target 

Φ0=I0/(Beam Area)

Sca4ering	  Cross-‐sec+ons	  
Differen+al	  and	  par+al	  differen+al	  

Isc scattered beam intensity [particles/s] 

ΔΩ  element of solid angle [(Area)/(distance)2]

   

Quite generally we expect

                           ISC = Φ0 × ΔΩ × Scattering efficiency factor = Φ0 × ΔΩ ×
dσ
dΩ
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This defines the Differential Cross - section

      
dσ
dΩ

&

'(
)

*+
=

Number of particles scattered per second into detector
Incident Flux × Detector solid Angle
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The Total Cross - section is obtained by integrating over all solid angle
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This Partial Differential Cross - section
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Particles scattered per second into detector in energy window dE f  

Incident Flux × Detector solid Angle ×  dE f

Elas:c	  

Inelas:c	  



Sca4ering	  kinema+cs	  

•  Momentum	  transfer	  

	  
	  
•  Energy	  transfer	  
	  
	  

•  Sca<ering	  event	  independent	  variables:	  (Q,ω)	  

o  Elas:c	  Sca<ering	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Crystallography	  	  	  	  	  

o  Inelas:c	  Sca<ering	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Spectroscopy	  
	  
•  FT	  conjugate	  variables	  

	  
o  Q	  ~	  2π/(length)	  

o  ħω	  ~	  2πħ/(:me)	  

	  
	  

	  	  	  	  

	  

~Q = ~ (ki � kf )

~! = Ei � Ef

~! = 0

~! 6= 0

ki

kf

Q �



Non-resonant charge scattering from unbound electrons 
Thomson cross-section 

 Classical	  calcula+on	  of	  the	  electric	  field	  reradiated	  from	  a	  free	  electron	  
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X-ray Resonant Scattering from bound electrons 
Dispersion corrections 

    

From electrons bound in atoms expect:

                       f (Q,ω ) = f 0 (Q) + "f (ω ) + i ""f (ω )
Forced, damped oscillator model
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Dispersion corrections 



Relationship between scattering and refraction 

 

Electric field E(t)=> P(t) (electric dipole/V)  
                                    P(t) = ε0χE(t) = (ε − ε0 )E(t)
where 
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Relationship between scattering and refraction 
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    Refractive index
       n =1−δ + iβ

   δ = ( f 0(0) + % f )
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                   Resonant scattering
   f (Q,!ω ) = f 0(Q) + # f (!ω ) + i # # f (!ω )

Scattering and refraction: different ways of understanding the same phenomena  

Rayleigh scattering 
Visible light 
 

Thomson scattering 
X-rays 
 



X-ray absorption edges 

3 4

          Absorption cross-section scales as           
                     ( )absσ   Zω −∝ h



Relationship scattering, refraction and absorption 
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Absorption coefficient µ  defined by I = I0e
−µz  and 

absorption cross-section σ a = µ / ρa
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Absorption is proportional to the imaginary part of
the forward scattering amplitude (Optical Theorem)



Theore+cal	  Framework	  
Cross-‐sec+ons	  and	  the	  interac+on	  Hamiltonian	  

    

Task is to determine the differential cross-section:
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Incident Flux × Detector solid Angle

                 =
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The transition rate probability W  to 2nd order
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Interaction Hamiltonian  HI : describes interaction between radiation and target

Density of final states

                               ρ E f( )dE f = ρ k f( )dk f

Box normalisation implies
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Valid	  for	  neutrons	  and	  X-‐rays	  	  



Hamiltonian	  of	  single	  electron	  in	  an	  electromagne+c	  field:	  

Canonical	  momentum	  H0 =
p2

2m
+ V p ! p+ eA B = r⇥A

H0 ! H0 +HI HI =
eA · p
m

+
e2A2

2m

1st	  order	  	  process:	  destroy	  photon	  from	  incident	  beam,	  create	  one	  in	  sca4ered	  beam	  

ε̂⊥ ≡σ ε̂! ≡ π

ˆ!ε⊥ ≡ #σ 1 0

ˆ!ε! ≡ "π 0 cos2θ

Thomson	  sca4ering	  
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Quan+za+on	  of	  the	  electromagne+c	  field	  vector	  poten+al:	  
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Non-resonant charge scattering from unbound electrons 
Quantum mechanical calculation 

 



X-‐ray	  Sca4ering	  
Non-‐resonant	  elas+c	  magne+c	  

HZ = gµBs ·B = gµBs ·r⇥A

Single	  spin	  in	  electromagne+c	  field:	  iden+fy	  leading	  order	  magne+c	  term	  

Zeeman	  

Spin-‐orbit	   HSO = �1
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Charge	   Magne+c	  

•  Non-‐resonant	  magne+c	  sca4ering	  is	  weaker	  than	  charge	  by	  a	  factor	  of	  0.0001	  at	  10	  keV	  

•  Non-‐resonant	  magne+c	  sca4ering	  (1st	  order)	  is	  propor+onal	  to	  <s>2	  =>	  Magne+c	  structures	  
	  
•  Magne+c	  sca4ering	  has	  a	  dis+nc+ve	  dependence	  on	  photon	  polariza+on	  



 X-ray Magnetic Scattering 

(½,½,½) 

Tube source: Counts per 4 hours! 

1st Non-resonant X-ray Magnetic Scattering  

NiO, de Bergevin and Brunel (1972) 

1st NREMXS Synchrotron Studies 

Holmium, Gibbs et al. (1985) 

1st  REXMS 

Nickel, Namikawa (1985) 

Ni (220) 

REXS Magnetic and 
multipolar  ordering 



Resonant	  X-‐ray	  magne+c	  sca4ering	  (RXMS)	  
Large	  enhancement	  of	  XRS	  at	  L	  edges	  of	  Holmium	  

• 100	  fold	  increase	  when	  tuned	  to	  the	  L3	  edge	  

• Two	  dis:nct	  types	  of	  transi:on	  are	  observed:	  
one	  above	  and	  one	  below	  the	  edge	  

• Higher	  order	  satellites	  up	  to	  4th	  order	  

• Polariza:on	  state	  changes	  with	  order	  
	  	  	  	  	  	  	  	  1+:	  rotated,	  	  σ-‐>π’ 	  
	  	  	  	  	  	  	  	  1-‐	  :	  unrotated,	  ,	  	  σ-‐>σ’	  
• Signal	  disappears	  at	  TN	  

• Peaks	  arise	  from	  	  transi:ons	  to	  bound	  states	  
	  	  	  	  	  	  	  	  1+:	  2p	  -> 5d	  	  	  Dipole	  
	  	  	  	  	  	  	  	  1-‐:	  	  2p	  -> 4f	  	  	  Quadrupole	  
	  
RXMS	  is	  Born:	  A	  New	  Element	  and	  Electron	  Shell	  

Sensi+ve	  Probe!	  

White	  Line	  

1-‐	   1+	  

 Gibbs, Harshman, Isaacs, McWhan, Mills  and Vettier (1988) 



Resonant	  X-‐ray	  sca4ering	  	  
Theore+cal	  Framework	  

Resonant	  inelas:c	  X-‐ray	  sca<ering	  	  
studies	  of	  elementary	  excita:ons	  
Ament	  et	  al.	  Rev.	  Mod.	  Phys.	  83	  705	  (2011)	  

When	  Eg	  ~	  En	  second	  term	  dominates.	  The	  interac:on	  Hamiltonian	  to	  leading	  	  
order	  is	  then	  
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The	  Kramers-‐Heisenberg	  RIXS	  cross-‐sec:on	  is:	  

I(!,k,k0, ✏, ✏0,!k,!k0) = r20m
2!4

k

X

f

|Ffg(k,k
0, ✏, ✏0,!k,!k0)|2�(Eg � Ef + ~!)

RIXS	  sca<ering	  amplitude:	  	  

Ffg(k,k
0, ✏, ✏0,!k,!k0) =

X

n

hf |D0|nihn|D|gi
Eg + ~!k � En � i�n

D = ✏ ·D hn|D|gi =
NX

i=1

eik·Rihn|r|giDipole	  transi:on	  operator	  

REXS	  sca<ering	  amplitude:	  	  

Fgg(✏, ✏
0,!k) =

X

n

hg|D0|nihn|D|gi
Eg + ~!k � En � i�n

Inelas:c	  	  

Elas:c	  	  



Resonant	  elas+c	  magne+c	  X-‐ray	  sca4ering	  	  
Hill	  and	  McMorrow	  1996	  Sca<ering	  length	  for	  dipolar	  transi:ons:	  

FE1 =
1

2
(✏0 · ✏)(F1,1 + F1,�1)�

i

2
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Expressed	  in	  orthogonal	  photon	  polariza:on	  states:	  

Dispersion	  correc:ons	   REMXS+XMCD	  

REMXS+XMLD+Anisotropic	  Tensor	  Sca<ering	  (ATS)	  	  



What	  controls	  the	  REXMS	  sca4ering	  length?	  

The scattering length depends on  terms of the form

                          n r g ∝ r2 dr Rnl (r)
core

electrons

! r Rn 'l ' (r)
valence
electrons

!"#0

∞

∫

Large resonance are therefore expected when there is a large overalp between 
the core and valence electron radial wavefunctions.

Transition Metals 
3d 

L edges, 2p->3d 
c. 1 keV 

Strong 

Transition Metals 
5d 

L edges, 2p->5d 
c. 10 keV 

medium 

Rare-Earths 
4f,5d 

L edges, 2p->5d 
c. 10 keV 

Weak 

Rare-Earths 
4f,5d 

M edges, 3d->4f 
c. 1 keV 

Strong 

Actinides 
5f 

M edges, 3d->5f 
c. 3 keV 

Strong 



Giant	  resonances	  at	  the	  rare-‐earth	  M4,5	  edges	  (3p-‐>4f)	  
J.M.	  Soriano,	  PhD	  thesis,	  University	  of	  Amsterdam	  

	  



Experimental considerations 

• High flux beamline 
• Tunable photon energy, 1-15 keV 
• Well defined and variable incident polarization 
• Versatile diffractometer 
• Azimuthal degree of freedom 
• Polarization analysis 



Resonant	  X-‐ray	  Studies	  of	  5d	  Oxides	  

Overview:	  
•  Correlated	  electron	  systems	  in	  the	  strong	  spin-‐orbit	   	  coupling	  limit	  
•  Perovskite	  iridates	  and	  the	  realisa+on	  of	  the	  Jeff=1/2	  state	  
•  Evidence	  for	  Kitaev	  physics	  in	  honeycomb	  iridates	  
•  Slater	  metal-‐insulator	  transi+ons	  (MITs)	  in	  osmates	  

5d	  Oxides	  

•  Strong	  Spin-‐Orbit	  Coupling	  Limit	  
•  Spa+ally	  extended	  d	  orbitals	  
•  Significant	  	  correla+on	  energy	  
•  Mo4-‐Hubbard	  physics	  in	  strong	  SOC	  limit	  

o  Novel	  MITs	  	  
o  Wavefunc+ons	  formed	  from	  

entanglement	  of	  S	  and	  L	  
o  Interac+on	  Hamiltonian	  takes	  on	  unique	  

character	  (bond	  direc+onal	  “Kitaev”)	  
o  Predic+ons	  for	  novel	  quantum	  

groundstates	  and	  excita+ons	  
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Marein	  Rahn 	   	   	   	   	  Oxford	  
	  
S.	  Nishimoto 	   	   	   	   	  Dresden	  
J.	  van	  den	  Brink	   	   	   	   	  Dresden	  
N.	  Bogdanov	   	   	   	   	   	  Dresden	  
	  
Masaaki	  Isobe	   	   	   	   	  Tsukuba	  
Y.	  G.	  Shi 	   	   	   	   	   	  Tsukuba	  
K.	  Yamaura 	   	   	   	   	  Tsukuba	  
Y.	  S.	  Sun 	   	   	   	   	   	  Tsukuba	  
Y.	  Tsujimoto 	   	   	   	   	  Tsukuba	  
	  
J.	  Yamaura 	   	   	   	   	  Tokyo	  
Z.	  Hiroi 	   	   	   	   	   	  Tokyo	  
	  
	  	  	  
	  	  	  


